The relativistic generalization of the Newtonian Lagrangian perturbation theory is investigated. In previous works, the first-order trace solutions that are generated by the spatially projected gravitoelectric part of the Weyl tensor were given together with extensions and applications for accessing the nonperturbative regime. We here furnish construction rules to obtain from Newtonian solutions the gravitoelectric class of relativistic solutions, for which we give the complete perturbation and solution schemes at any order of the perturbations. By construction, these schemes generalize the complete hierarchy of solutions of the Newtonian Lagrangian perturbation theory.
I. INTRODUCTION
In previous work of this series of papers we laid down the foundations of the Lagrangian perturbation theory by writing Einstein's equations in 3 + 1 form for a single dynamical variable. We investigated its first-order solutions for the trace and antisymmetric parts, we extrapolated this solution in the spirit of Zel'dovich's approximation in Newtonian cosmology, and we provided a definition of a nonperturbative scheme of structure formation [L1] . We then studied the average properties of this latter in relation to the Dark Energy and Dark Matter problems in [L2] . Here, we proceed by providing the gravitoelectric subclass of relativistic n-th order perturbation and solution schemes. As in previous work we restrict our attention to irrotational dust continua for simplicity. The generalization to more general matter models is scheduled.
The problem of perturbation solutions in general relativity has been addressed by a plethora of works. In cosmology the 'standard approach' is based on the gaugeinvariant 'Bardeen formalism' (for a selection of keyreferences on standard perturbation theory see [4] , [34] , [28] , [19] ). A covariant and gauge-invariant approach has been proposed [22, 23] , together with various other approaches not listed here (some being discussed within a variational framework in a recent paper [29] ). The reason for existence of various approaches is due to an ambiguity of the choice of perturbation variable, the choice of a 'background', but also due to different philosophies, e.g. the standard gauge-invariant approach compares the physical manifold with a reference 'background manifold', while others solely operate on the physical manifold. The conceptual difference of our framework lies in the fact that we no longer consider a reference background manifold. All the quantities are now defined on the physical space section. All orders of the perturbations are defined on the physical manifold, not with respect to a zero-order manifold (that was interpreted as the background manifold in standard perturbation theory). Moreover, we are perturbing a single dynamical variable which, intuitively, is the square root of the spatial metric using the 'Cartan formalism'. As a consequence, the issue of gauge-invariance does not arise; covariance or diffeomorphism invariance is guaranteed for a given foliation of spacetime by using Cartan differential forms. We shall address the representation of the perturbations in other foliations of spacetime in a follow-up article.
A similar point of view has also been taken in previous work, i.e. the pioneering work by Kasai presents a relativistic generalization of the 'Zel'dovich approximation' [45] , and follow-up works with his collaborators presents a class of second-order perturbation solutions [27, 40] ; see also the earlier papers by Tomita [42] [43] [44] , as well as the series of papers by Matarrese, Pantano and Saez [31] [32] [33] . These works are all in a wider sense concerned with the relativistic Lagrangian perturbation theory and concentrate on an intrinsic, covariant description of perturbations. Still, the present work takes another angle and goes beyond some concepts of these latter works through the following elements:
• We consider, as in [L1, L2] , a formalism that allows to write the Einstein equations within a floworthogonal foliation with a single dynamical variable comprising the spatial Cartan coframe fields. These furnish the conceptual generalization of the Lagrangian deformation gradient being the single dynamical variable in the Newtonian theory. One advantage of this approach is that only perturbations of this variable are considered, which entitles us to express all other physical quantities as functionals of this variable. Thus, it is possible to leave the strictly perturbative framework and to construct nonperturbative models by injecting the deformation solutions at a given order of expansion of the Einstein equations into the functional definitions of these fields, without a posteriori expanding the functional expressions. This in turn provides highly nonlinear approximations for structure formation (e.g., the density field is known through an exact integral of the perturbation variable; the metric as a bilinear form maintains its role as a measure of distance, i.e. as a quadratic expression; the curvatures are the general defining functionals for the given perturbed space, etc.);
• We provide construction rules to derive relativistic perturbative solutions from the known Newtonian solutions at any order of the perturbations: we have to additionally study the traceless symmetric part of the equations having no obvious Newtonian analog, and which is fundamentally linked to the traceless Ricci tensor and the physics of gravitational waves. In the present work, however, we restrict our attention to that subclass of the traceless symmetric perturbations that are generated by the spatially projected gravitoelectric part of the Weyl tensor. We show that this part, in turn, can be constructed from the tidal tensor of the Newtonian theory. For this purpose we employ a division of the governing equations into gravitoelectric and gravitomagnetic parts;
• We give the perturbation and solution schemes to any order of the perturbations for the gravitoelectric part of the Lagrange-Einstein system. These schemes will cover the full Newtonian hierarchy of the Lagrangian perturbation theory using a restriction rule that we will define. This allows us to construct the leading-order modes of relativistic solutions at any order.
• We perform a strictly intrinsic derivation, i.e. without reference to an external background space. In the literature on Lagrangian relativistic perturbations mentioned above, although starting with the Cartan formalism, the nonintegrability of the Cartan deformations is given up for the building of solutions, hence implicitly introducing a reference background space for the perturbations.
Before we start, let us recall our strategy (for details the reader is directed to [L1] ). In the Newtonian theory the Lagrangian picture of fluid motion allows to represent Newton's equations in terms of a single dynamical variable, the Lagrangian deformation gradient built from the trajectory field. For this system the general perturbation and solution schemes at any order are provided in [20] .
Einstein's equations within a flow-orthogonal foliation of spacetime can be formulated in terms of equations for the gravitoelectric and gravitomagnetic parts of the spatially projected Weyl tensor. Subjecting the gravitoelectric subsystem of equations to a "Minkowski Restriction", i.e. by sending the Cartan coframes to exact forms, we obtain the Newtonian system in Lagrangian form [L1] , [14] :Sect. 7.1. In this paper we investigate the reverse process, i.e. the transposition from integrable to nonintegrable deformations, which enables us to construct a gravitoelectric subclass of the relativistic perturbation and solution schemes that corresponds to the Newtonian perturbation and solution schemes.
While the Newtonian system furnishes a vector theory, where the gravitational field strength is determined by its divergence and its curl (the trace and antisymmetric parts of the Eulerian field strength gradient), the so generalized schemes deliver nontrivial solutions for the tracefree symmetric part that is connected to the gravitoelectric part of the spatially projected Weyl tensor, whose Newtonian counterpart is the tidal field tensor.
The paper is structured as follows. Section II recalls the equations of Newtonian and relativistic cosmology for an irrotational dust matter model. We highlight a formal correspondence between the Newtonian equations and the relativistic gravitoelectric part of the equations by employing a geometrical restriction procedure, named Minkowski Restriction. In Section III we investigate perturbation and solution schemes at any order n of the perturbations by explicitly paraphrasing the Newtonian schemes. Section IV explains the reconstruction rules and provides explicit examples. Finally, Section V sums up and discusses perspectives.
II. EQUATIONS OF MOTION AND CONSTRAINTS
In this section, after setting notations, we recall the Einstein equations, written in 3 + 1 form and expressed through a single dynamical variable, represented by Cartan coframe fields as functions of local coordinates in the 3−hypersurfaces. This recalls the parts of [L1] relevant to this paper.
A. Notations and Technicalities
We employ the differential forms formalism for its compactness and anti-symmetric properties, and its spatial diffeomorphism invariance. We also project to the common coefficient formalism in which we work out the solutions.
We consider a set of a differential k−forms k a . The coefficients of these fields can be expressed in the exact basis {dX i } of the cotangent space at a given point,
where ∧ is the wedge product, the antisymmetrization of the tensorial prod-
For general forms we choose the letters a, b, c · · · as counter indices (they refer to the non-exact basis), while the letters i, j, k · · · are reserved for coordinate indices (they refer to the exact basis). The Hodge dual is denoted by a star and defined in N −dimensional space by:
..jN the Levi-Civita pseudo-tensor. In most perturbation approaches the bilinear metric form is considered as the dynamical variable. In this article, we consider the matter model "irrotational dust" and employ a 3+1 flow-orthogonal foliation of spacetime, for which the 4-and 3-metric bilinear forms read:
where X i are Gaussian normal coordinates, here equivalent to the Newtonian Lagrangian coordinates. The resulting split of the system of equations (ArnowittDeser-Misner (ADM) system) is composed of 6 equations of motion and 4 constraint equations. In this foliation the 4 Cartan one-forms can be restricted to a t−parametrization of 3 spatial one-form fields.
In general relativity a spatial description of the fluid continuum in terms of vector-valued trajectories is impossible, unless we move to a higher-dimensional embedding vector space. To describe the fluid intrinsically (i.e. without reference to an embedding vector space), it is necessary to introduce nonexact forms, known as the Cartan spatial coframe fields η a = η a i dX i , with a = 1 · · · 3. The Cartan formalism permits to switch between a nonexact basis and the coordinate basis. A key-element is the freedom of choice of the normalization of the nonexact basis. In order to obtain equations that are formally closer to the Newtonian ones, we do not choose orthonormal (Cartan) coframesη a as is common in the literature, but more general ones η a that we will call adapted coframes. The reader is directed to [L1, L2] for additional informations and implications related to this choice. Formally, this means that the spatial metric form is decomposed as:
where G ab is constant in time: G ab = G ab (X). Note that, if coframes become exact forms η a = df a , the counter indices become coordinate indices, since the functions f a can be used to define global coordinates x i = f a→i . In this case the metric can be brought (by a spatial diffeomorphism) into the form:
which defines a flat spacetime (see the proof in appendix A).
The exact functional for the density is given as in the Newtonian approach: ̺J = ̺ i , where the index i marks the initial conditions and J is defined as coefficient function of the 3−volume form, normalized by the determinant of the initial metric:
with √ g d 3 X the 3−volume form on the exact basis, g := det(g ij (X, t)) and G := det(G ij ) = det(g ij (X, t i )). We have the relation:
where J = det(η a i ). Below, we first recall the basic systems of equations governing an irrotational dust continuum in the Lagrangian formulation of the Newtonian theory. Then, after presenting Einstein's theory formulated in the Lagrangian frame, we list the counterpart of the gravitoelectric subsystem of equations in the latter theory.
B. Newtonian Theory
In the Lagrangian picture of self-gravitating fluids a family of trajectories,
, is introduced [13, 17] . It furnishes a one-parameter family of diffeomorphisms, parametrized by the Newtonian time t, between the Eulerian, {x i }, and the Lagrangian coordinates. Regular solutions of the Lagrange-Newton system of equations have to obey four evolution equations. The three components of the trajectory field (also position field) f i (X k , t) are the only dynamical variables. Other fields are conceived to be represented as functionals of the trajectory field like the velocity and acceleration fields, the density and vorticity fields, etc.,
where the overdot denotes time-derivative along the trajectories. J = det(f i |k ) is the Jacobian of the coordinate transformation and J i the initial Jacobian, spatial derivatives with respect to Lagrangian coordinates being abbreviated by a vertical slash |. The acceleration field a i is identified with the gravitational field strength g i , respecting equivalence of inertial and gravitational mass. Once a given field is represented as a functional of the deformation field, it can be written in the Eulerian frame by inserting the inverse of the transformation f i . Note that J i can be set to 1 if we require x i = X i at initial time. The closed Lagrange-Newton system is defined by the nonlinear gravitational evolution equations (7) and (8) for the deformation gradient, see [20] :
with Λ the cosmological constant, G the gravitational constant, Eq. (7) corresponds to the three field equations for the Eulerian curl, whereas Eq. (8) corresponds to the field equation for the Eulerian divergence of the gravitational field strength. In the above equations the exact integral for the density (third equation of (6)) has to be inserted to reduce the number of variables. For Λ = 0 the system does not explicitly contain the Jacobian, provided J = 0. Regular solutions are characterized by J > 0. Since, in the Newtonian theory, the Cartan coframe fields are exact forms, Eq. (4) reads:
where d 3 X is the Lagrangian volume 3−form. The coefficients of these equations are equivalent to the following coefficient equations for the deformation gradient df i in Lagrangian coordinates:
An alternative to express Equation (10) reads:
Expressed in terms of the Newtonian tidal tensor,
Equations (14) correspond to the Lagrange-Newton system of equations {(10), (11)}.
C. Einstein's Equations in Lagrangian form
We here formulate the Einstein equations in terms of Cartan coframe fields as they are transported along the flow lines (here spacetime geodesics). The system of equations we obtain will be called the LagrangeEinstein-System.
In terms of coframe fields, the irrotational dust continuum is governed by the following evolution and constraint equations:
where the equations are, respectively, the irrotationality condition on the gravitational field (15) , the equation of motion (16), the energy constraint (17) and the momentum constraints (18) . For irrotational matter flows, as is assumed throughout this paper, the first equation can be replaced by the kinematical irrotationality condition:
Nevertheless, we consider the double time-derivative expression for two reasons: (i) in the Newtonian limit we want to reproduce the field equations, which involve a second time-derivative; (ii) for a general system, this equation is always true because of the conservation of the vorticity 2−form, [20] ). Nevertheless, it is important to note that the 3 + 1 foliation formalism cannot describe a non-zero vorticity. The description of a non-zero vorticity will require a 1 + 3 threading of spacetime (see, e.g. [25] ) .
The combination of the trace of the equation of motion and the energy constraint straightforwardly leads to the Raychaudhuri equation:
To derive the above equations we have implicitly used the Cartan connection one-form and the curvature two-form that we do not need explicitly in what follows:
with the connection and curvature coefficients γ a cb and R a bcd in the nonexact basis, respectively. The 3-Ricci tensor can be expressed through the curvature two-form:
We employ the Hodge star operation to obtain the coefficient equations in the exact basis dX i :
where a double vertical slash denotes the covariant spatial derivative with respect to the 3-metric and the spatial connection is assumed symmetric. As before, the first equation can be replaced by the irrotationality condition:
Again, the trace of the equation of motion and the energy constraint leads to the Raychaudhuri equation:
The system {(24) − (27)} consists of 13 equations, where the first corresponds to the irrotationality condition (3 equations), the second to the symmetric evolution equations (6 equations), subjected to 4 constraint equations that are the ADM constraints (1 equation for the energy constraint, and 3 equations for the momentum constraints). Thus, the first 9 equations furnish evolution equations for the 9 coefficient functions of the 3 Cartan coframe fields.
The above system is equivalent to the results developed in [L1] in a different basis: in the first paper the choice of the standard orthonormal coframes has been made, whereas since [L2] the choice of the adapted coframes is preferred for reasons of allowing to construct a formally closer Newtonian analogy.
D. Equivalence of the two gravitoelectric sets of equations in the Minkowski Restriction
We will now discuss the link between parts of the relativistic system and the full Newtonian system. Formally, this link is provided by the Minkowski Restriction.
Definition of the Minkowski Restriction
Let η α be Cartan one-form fields in a 4−dimensional manifold (Greek letters are used in 4 dimensions). A set of forms η α is said to be exact, if there exist functions f α such that η α = df α , where d denotes the exterior derivative operator, acting on forms and functions. The Minkowski Restriction (henceforth MR) consists in the replacement of the nonintegrable coefficients by integrable ones, η α ν → f α→µ |ν , keeping the speed of light c finite. With this restriction, the Cartan coframe coefficients yield the Newtonian deformation gradient, and the local tangent spaces all become identical and form the global Minkowski spacetime. The Newtonian limit could be defined as MR of Einstein's theory and additionally sending c to infinity. In the flow-orthogonal foliation, employed in this paper, the 4−dimensional coframes reduce to η α = (dt, η a ), and their MR reads df α = (dt, df a→i ). Note that c and the signature are carried by the 4−dimensional metric coefficients; c is set to 1 throughout this paper. We will need the inverse MR and use it as a rule to construct relativistic Lagrangian solutions from known Newtonian solutions. (For the MR of the metric compare appendix A, and the remark on the Newton-GR "dictionary" in appendix B). [L1] noted that a part of Einstein's equations, namely {(15), (20)}, are related to the gravitoelectric part of the spatially projected Weyl tensor. This tensor is tracefree and represented by the 3 one-form fields E a (see [L1] Eq. (A23)):
Gravitoelectric equations
then, the irrotationality condition (15) and the trace equation of motion (20) are generated by
These two equations are therefore referred to as the gravitoelectric part of Einstein's equations. A projection of the gravitoelectric one-form fields and Equations (31), using the Hodge star operator, yields to their coefficient representation:
(Note that
This just provides a rewriting of { (24), (29)}. (A remark on the gravitomagnetic part of the spatially projected Weyl tensor can be found in appendix B.)
Executing the MR
Sending the spatial Cartan coframes to exact forms, i.e. executing the MR, their coefficients η a i are restricted to the Newtonian deformation gradient f a |i . The gravitoelectric system of equations in the form of Equations (33) then reduces to the Newtonian system in the form of Equations (14); note the conventional sign change between the gravitoelectric part of the spatially projected Weyl tensor E i j and the Newtonian tidal tensor E i j . This operation closes the system, reducing the number of free functions from nine (η a i (X k , t)) to three (f i (X k , t)). A consideration of the MR for the remaining equations, yielding nontrivial Newtonian analogs, will not be needed in this paper, but will be the subject of forthcoming work.
Considering only the gravitoelectric equations is not enough to determine the nine functions of the coframe coefficients. The relativistic aspects contained in the remaining gravitomagnetic equations will lead to a richer structure of the solutions and also to constraints on solutions of the gravitoelectric system. A follow-up work will explicitly consider both parts in the framework of first-order solutions.
To conclude: the Lagrange-Einstein gravitoelectric equations are (up to nonintegrability) equivalent to their Newtonian analogs, whereas the gravitomagnetic equations have no obvious Newtonian counterpart (this issue is more subtle than the mere absence of a gravitomagnetic analogy, as we explain in the follow-up paper).
III. CONSTRUCTION SCHEMES FOR RELATIVISTIC PERTURBATIONS AND SOLUTIONS AT ANY ORDER
We now turn to the main part of this paper and construct the gravitoelectric subclass of n th -order relativistic perturbation and solution schemes through generalization of the known Newtonian schemes. This allows furnishing relativistic inhomogeneous models for largescale structure formation in the Universe. The successful Lagrangian perturbation theory in Newtonian cosmology is well-developed. We will here generalize the perturbation and solution schemes of Newtonian cosmology given in the review [20] , whose essential steps will be recalled in this section, followed by their relativistic counterparts.
All schemes are applied to the matter model 'irrotational dust'. It is possible to extend the present schemes by employing the framework for more general fluids in a Lagrangian description that will be developed in forthcoming work. Most of the known representations are focused on writing equations in terms of tensor or form coefficients. Our investigation will be guided by the compact differential forms formalism as before. However, we will also project to the coefficient form in parallel to ease reading.
A. General n-th order perturbation scheme As in standard perturbation theories, we decompose the perturbed quantity into a Friedmann-Lemaître-Robertson-Walker (FLRW) solution and deviations thereof, which are expanded up to a chosen order n of the perturbations. Contrary to the standard perturbation theory, we do not perturb the metric globally at the background space, but we perturb the Cartan coframes locally:
in the local exact basis dX i . Notice that with this ansatz we choose to perturb a zero-curvature FLRW model, but it is possible to encode an initial first-order constant curvature in the coefficient functions G ab in the following local metric coefficients, which can be calculated from the above coframe ansatz:
Furthermore, we can link these results to the ones obtained for the orthonormal coframesη c (compare also corresponding remarks in [18] and [26] ). Indeed, the metric bilinear form can be written as:
From this identity, we conclude:
where theη c a are the coefficients of the projection of η c onto the basis η a . In the next subsection, we will specify the coframes we consider in such a way that the initial coframe perturbations vanish. From now on, we will call these coframes adapted coframes to distinguish them from the orthonormal ones (see also appendix A).
B. Initial data for the perturbation scheme
We choose initial data in formal correspondence with the Lagrangian theory in Newtonian cosmology and generalize these initial fields to the relativistic stage. This has obvious advantages with regard to the aim to give construction rules that translate the known Newtonian solutions to general relativity. For the initial data setting in the Newtonian case see [20] .
Fundamental initial data
Let the three one-form fields U a = U a i dX i be the initial one-form generalization of the Newtonian peculiar velocity-gradient, obtained by the inverse MR. Accordingly, let W a = W a i dX i be the initial one-form generalization of the Newtonian peculiar-acceleration gradient. Our solutions will be written in terms of these initial data. They determine the initial values of the coframes as follows:
Equation (38) implies that the coframes we will work with from now on are initially equal to the exact Lagrangian coordinate basis: η a (t i ) = δ a i dX i . This in turn provides the initial metric coefficients in the form:
In view of the flow-orthogonal foliation, we have the irrotationality constraint:
This implies for the coefficient functions:
Remark:
From (37) and (38) , it is interesting to notice the following relations that hold to zeroth and first order (the full initial data are considered to be first order, as was also the choice in the Newtonian schemes [20] ):
whereP ij =P ij (t i ). We are thus able to rederive some results from the ones obtained in previous works that used orthonormal coframes. For example, the Ricci curvature tensor at first-order can be obtained by injecting the identities (43) into (93) of [L1] . We can so obtain the adapted coframes from the orthonormal ones and viceversa (compare also appendix A).
Relativistic counterpart of the
with the 3−Ricci tensor coefficients R ij whose trace is the Ricci scalar R, and Θ ij the expansion tensor coefficients. According to the energy constraint, R + Θ 2 − Θ k ℓ Θ ℓ k = 6πG̺ + 2Λ, the symmetry of the expansion tensor and Ricci curvature, it is straightforward to show that the relativistic gravitational field coefficients F ij respect the following field equations:
In terms of the coframe fields, the relativistic gravitational field can be written as follows:
(For an alternative derivation using a Newton-GR "dictionary" see appendix B). Hence, inserting the coframe perturbations and evaluating this expression at initial time, we get the following relations (note that the zero-order fields trivially satisfy the second constraint):
with the initial density contrast δ i . Thus, the deviation one-form fields W a obey the following equations that generalize the Poisson equation for the inhomogeneous deviations off the zero-order solution:
with δ̺ i = ̺ i −̺ Hi , implying for the coefficient functions:
Summary of initial data
We summarize the set of initial data, determined by our choice of the basis and subjected to the constraints. We assume in perturbative expansions, without loss of generality [20] , that the initial data {(50) − (52)} are first order. We drop the index (1) for notational ease and denote the initial data for the comoving perturbation form coefficients by P a i (t i ) =: P a i . We set:
• for the initial deformation and the initial generalizations of the Newtonian velocity and acceleration gradients:
• where the coefficients are related via the initial values of the time-derivatives of the deformation:
• together with additional initial constraints that are to be respected (a relation to the initial metric, to the initial density contrast, and the four ADM constraint equations evaluated at initial time):
(1) = −W ;
Here and in the following we use the abbreviations δ • the initial Ricci curvature as found from the equation of motion (25):
• equating this expression with the initial Ricci tensor as calculated from the initial metric,
we determine the first-order part of the initial metric (which is a derived quantity),
• as well as the second-order part of the initial metric (which later appears in the perturbation and solution schemes):
where the function f can again be derived by equating (54) and (53). All further orders vanish. The initial data given in (50) are exhaustive: in our ADM split, the system of equations {(24) − (27)} contains 9 second-order equations of motion for the coframes subjected to 4 constraints. A general solution therefore contains 18 coefficient functions encoded in U ij and W ij that reduce to 12 functions for solutions of the irrotationality conditions (24) , which these latter are represented by the 6 constraints U [ij] = 0 and W [ij] = 0. The general solution is further subjected to the 4 ADM constraints resulting in corresponding constraints on U ij and W ij .
C. Gravitoelectric Perturbation Scheme
We now recall the general Lagrangian perturbation scheme of Newtonian cosmology and generalize it to a gravitoelectric scheme in relativistic cosmology. By construction, this latter will already contain the known Lagrangian perturbation scheme at any order in the geometrical limit of exact deformation one-forms.
Recap: Newtonian Theory
The general perturbation scheme has been fully developed in [20] . Our approach only slightly differs in terms of the initial conditions: we formulate them such that they are formally closer to the relativistic approach. Following the general ansatz (34), we introduce three comoving perturbation forms dP i of the three components of the comoving vector perturbation fields P i (X i , t):
and decompose the perturbation gradient field on the FLRW background order by order:
It is, of course, possible to consider perturbations of the position fields f i , because the Newtonian equation can be expressed in a vectorial form. The relativistic equations are, however, tensorial and we, therefore, consider the representation in terms of the gradient of the fluid's deformation.
In order to provide unique solutions of the Newtonian system, suitable boundary conditions have to be imposed. For the cosmological framework the requirement of periodic boundary conditions for field deviations from a Hubble flow is a possible choice [16] . This translates into an integral constraint on the perturbations: integration over a compact spatial domain M implies the following:
Recall now that
|j dX j are the initial one-form peculiar-velocity gradient and the initial one-form peculiar-acceleration gradient. The fields W i are determined nonlocally by the following set of equations, equivalent to Poisson's equation:
In view of the restriction to irrotational flows, we additionally impose the constraint:
Without loss of generality, we can choose the following general set of initial data that can be obtained in the Newtonian theory or, else, from the Minkowski Restriction of ( (50)- (52)):
• for the initial deformation, peculiar-velocity and peculiar-acceleration:
• together with the definition of the Lagrangian metric coefficients and the initial data relation to the density perturbation:
The metric is Euclidean, since the coefficients can be transformed to the coefficients δ ij with the help of the to f inverse coordinate transformation. Plugging the ansatz (57) into the Newtonian equations {(7), (8)}, we find for the background Friedmann's equation:
and a full hierarchy of the perturbation equations:
where we defined the operator
(The reader may note a difference in the numerical coefficients to the reference [20] , which we had to correct, see appendix B.) Projecting with the Hodge star operator to the coefficient form (and integrating Equation (65)), we obtain:
After splitting the equations (65) and (66) order by order, we obtain n sets of equations. At first-order we get:
in coefficient form:
i.e. a set of linear equations. The generic n th -order system of equations will be written below with an implicit summation over the order of perturbations in the source terms:
Thus, at any order n > 1, the perturbation equations read:
The reader may consult the review [20] and references therein for further details.
Einstein's Theory
Assuming the perturbation ansatz (34) for the coframes, and using the operator D ℓ as defined in (67), the analogous expansion is performed: the zeroth order again leads to the Friedmann equation, and the general perturbation scheme reads:
In coefficient form and integrating (79) they become:
Expansion order by order leads to the first-order gravitoelectric equations:
and the general n th -order, n > 1, set of nonlinear equations:
In coefficient form, this reads:
and
This provides equations for the perturbation fields at any order n from solutions of order n − 1. Comparing {(85), (86)} to the Newtonian equations {(75), (76)}, we see (not surprisingly) that we arrive at two equivalent sets of equations if we link the perturbations P a and dP i at any order via the MR -recall that the construction was done by inversion of the MR:
Therefore, we can simply translate the formal solution scheme for the traceparts and the antisymmetric parts of the perturbations. However, note already here that the inversion of the MR produces a symmetric traceless component that is represented in Newtonian theory by the tidal tensor.
D. Gravitoelectric Solution Scheme

Recap: Newtonian Theory
We first recall the general solution scheme given in [20] , written for the perturbation gradients only.
The hierarchy begins with the first-order equations {(70), (71)} which are uniquely determined by the constraint initial data (62). The general n th -order, n > 1, solution scheme from Eqs. {(65), (66)}, reads:
uniquely determined by the source terms:
. (93) We have earlier demonstrated the formal equivalence between the Newtonian equations and the relativistic gravitoelectric equations. The generalization of the Newtonian solution scheme to obtain the corresponding relativistic scheme is now straightforward.
Einstein's Theory
The perturbative gravitoelectric Lagrange-Einstein system starts at n = 1 with the equations {(83), (84)}, uniquely determined by the corresponding constraint initial data (50). The n th -order, n > 1, gravitoelectric solution scheme reads:
which is uniquely determined by the source terms:
The coefficient form of these equations is given by (87)-(89).
IV. APPLICATION OF THE SOLUTION SCHEME
In order to illustrate the use of the scheme {(94), (95)} in practice, we will in what follows explicitly explain the construction of relativistic solutions from Newtonian ones for the general procedure and through examples, in Subsections IV C and IV D, respectively. Before we do so we explain the general systematics of solution scheme.
A. Systematics of the solutions
The n-th order scheme is a hierarchy of ordinary second-order differential equations, sourced by an inhomogeneity resulting from combinations of lower-order terms. Thanks to the linearity of the ordinary differential equations (ODE), the solution is, at any order n, a linear superposition of modes that we will label by l:
In the Newtonian case, and for the gravitoelectric relativistic part, the modes can be further separated into spatial and temporal parts:
. This is due to the fact that (95) is an ODE and that its coefficients only depend on time.
From the theory of second-order ODE's it is known (see, e.g., Section 2.1.1 of [37] ), that an equation of the form
will have as the general solution:
where Green's function G (a, s) is defined by
Therefore, at any order, the solution will have two modes l that are given by the homogeneous solution, known for a given background model (in the examples we will explicitly give the solutions for the Einstein-de Sitter case, henceforth EdS, and the Cold Dark Matter background with a cosmological constant, henceforth ΛCDM). The different modes of the particular solution can be calculated from the integral in (100) by setting g = T (n) . As integration is linear, the particular solution can be computed for each subpart of the source separately, and those parts appear as a P i (n,l) j in the sum (106). In order to study these subparts, we split the perturbations into their trace, their symmetric tracefree part and their antisymmetric part:
Then, Equations {(88), (89)} read:
Hence, the trace and the antisymmetric parts are completely determined by the lower-order expressions of all parts (four equations for four components of P i j ). What is missing is an equation for the five components of the tracefree symmetric term Π i(n) j . Recall that the gravitoelectric system is only closed after imposing the MR, which then couples the tracefree symmetric timeevolution to the one of the trace and encodes the spatial dependence in a Poisson equation.
B. Reconstruction of GR solutions
In order to illustrate the scheme for the GR case, we will discuss here how to reconstruct the full n-th order solution from the recursive equations {(94), (95)}.
Trace part
The trace part is the main part that is given by the hierarchy. In the absence of the tracefree symmetric term Π i(n) j , there is no antisymmetric term emerging and we are left with a recursion relation for the trace:
Antisymmetric part
It may appear counterintuitive that a nonvanishing antisymmetric part arises (starting from second order), given our assumption of irrotationality due to the given foliation of spacetime. However, this fact is known from the Newtonian Lagrangian perturbation theory, where antisymmetric parts arise, starting at second order, in Lagrangian space, while no vorticity is created in Eulerian space [15] . Our comoving setting corresponds to the Lagrangian picture of fluid motion, and the antisymmetric terms at order n satisfy and follow from the irrotationality condition (94), given all subleading terms p = 1 . . . n − 1. However, we need to reconstruct a part of the tracefree symmetric term to recover all the Newtonian modes that have antisymmetric components, a problem to which we turn now.
Tracefree symmetric part
As our scheme does not separately provide a relation that determines the five coefficients of the tracefree symmetric part (these equations are part of the gravitomagnetic scheme), we have to reconstruct the relevant part that complies with the Newtonian solutions. In order to achieve this it suffices to realize that the one-form fields P a (X k , t) become integrable in the MR, dP i (X k , t), and so also the tracefree symmetric part. Hence, in the MR, the tracefree symmetric part of dP i (X k , t) inherits the time-evolution from the trace. With this in mind, and due to the superposition property of our solution scheme, we are entitled to split the general tracefree symmetric coefficients Π ij into a part that reproduces the tracefree symmetric part of P a (X k , t) in the MR, denoted by E Π ij , and another part H Π ij . This is possible at any order:
The temporal coefficients ξ (n,l) are the same for the trace and the tracefree symmetric gravitoelectric parts. For the full GR solution there is in addition a contribution, denoted by H Π ij , which is related to gravitational waves. We will investigate this part in the follow-up article. For the time being we note that the superposition property discussed above assures that the resulting individual terms in the decomposition (106) are correct, if we use only this gravitoelectric part of the tracefree symmetric tensor in the hierarchy. Thus, even though the scheme does not determine all the components of P i(n) j without solving the gravitomagnetic equations, it is consistent for the terms it delivers. Moreover, by inspection of corresponding perturbation and solution schemes that we derived for the gravitomagnetic part [3] , we can conclude that the so-reconstructed solutions provide the leadingorder modes of the relativistic solutions at any order. Of course, inserting the reconstructed solution into the full set of Einstein equations will result in constraints on initial data in addition to the standard constraints. As an example we will discuss the constraints in the first-order scheme given below.
C. Example 1: recovering parts of the general first-order solution
In order to illustrate the hierarchy we begin with the first-order equations of the scheme {(94), (95)}, i.e. in coefficient form (87). With the split in space and time coefficients, the latter are the well-known solutions of the equation (equivalent to the equation in the Newtonian scheme [7, 9, 10] ):
For an EdS universe the modes are proportional to a, a −3/2 and a 0 . Together with the initial conditions (51), the solution for the trace found from (87) reads:
The antisymmetric part vanishes in view of (87), P a(1) i = 0. We then need to reconstruct the tracefree symmetric part along the lines described in IV B 3 to complete the solution:
The notation tl stands for the traceless part. The initial fields have been split accordingly:
i.e. a part initializing the gravitoelectric, and the gravitomagnetic part, respectively. We remark that in Newtonian theory the tidal tensor is written in terms of the gravitational potential Φ:
where a comma denotes derivative with respect to Eulerian inertial coordinates. If we consider the first-order solution (here restricted to the growing mode solution for notational ease),
the first-order gravitoelectric part of the spatially projected Weyl tensor assumes the form (note the conventional sign difference of this geometrical definition with the Newtonian (active) definition of E ij ):
We find
The trace W does not derive from a potential due to nonintegrability of the field. After executing the MR, we obtain (up to the conventional sign difference), the Newtonian tidal tensor (111). Summarizing: given the formal analogy of the solution schemes discussed in Section III D, the above solution solves the gravitoelectric part of the corresponding relativistic equations (87). The tracefree symmetric part (109), however, is only a part of the solution in the relativistic case. Eq. (102) in [L1] states that the firstorder equation for the relativistic tracefree symmetric part reads:Π
(1) ij + 3HΠ
(1)
where T ij is the tracefree part of the initial Ricci tensor. Plugging (108) and (109) into (115), we can check whether our relativistic generalization satisfies the full equation. Three modes appear in the equation: a −2 , a −1 and a −7/2 . The equation has to be satisfied at any time, thus each mode must lead to cancellation of the coefficients. This leads to the following constraints (H i := 2/3t i ): 50) ), the other two conditions are equivalent to:
What we call gravitoelectric part in the decomposition of initial conditions (110) is therefore determined to be the one that solves (116). The part contributing to the propagating gravitomagnetic part is then its complement. This labelling is not completely unambiguous, because in this scheme, the gravitomagnetic part computed from the gravitoelectric part is not null, see below for the first-order scheme. (Nevertheless, as we will show in the follow-up paper, it generates a null dynamical Ricci curvature tensor.) In order to check how constraining these relations are, beyond the constraints that we already have, we consider the first and second time-derivatives of the momentum constraints and evaluate them at initial time in order to obtain constraints on the initial fields. Taking the second spatial derivative of these equations and contracting them with respect to one index, we get for U ij :
(118) The latter identity is solved by the gravitoelectric and the gravitomagnetic parts independently. For the gravitoelectric part, we have:
which is equal to the once contracted spatial derivative of the above constraint (117). We conclude that (117) and the momentum constraints are compatible with but not equivalent to our constraints. They have to be solved independently in order for the solution to be compatible with both the evolution equation and the momentum constraints. What they do constrain are derivatives of the gravitomagnetic part. To derive these constraints, let us first note that the first-order expression for the magnetic part can be found from Equation (107) in [L1] :
The solution for E Π ij , cf. (109), shows that spatial derivatives of the first-order magnetic part can be traced back to spatial derivatives of U ij and W ij . Together with the first-order momentum constraints,Ṗ i i|j =Ṗ i j|i , and imposing the constraints (116), we get:
Thus, via (109), this leads to
i.e., the curl of E H ij vanishes. For its divergence the constraints (116) are not necessary. Taking the divergence of (120), and using the momentum constraints in the form EΠi l|is = 2/3Ṗ |ls , we can show:
By combining (122) and (123), we conclude that
Thus, the gravitomagnetic part that is generated by the gravitoelectric part is a harmonic tensor field at first order. This harmonic field can be constrained in the initial conditions (removed) by topological conditions on the perturbations. In an upcoming article, we will discuss such conditions. D. Example 2: constructing second-order solutions for 'slaved initial data'
Let us now write out the system {(94), (95)} explicitly for n = 2. We simplify the first-order source by imposing the so-called 'slaving condition' U i j = W i j t i (as explained in [9, 10] and, for second order in [11] ). This is not necessary but increases readability. The sum of (108) and (109) becomes:
At second order (89) is simply
and we have the system:
with the source g (2) (t) = 3 4
In order to systematically determine the temporal coefficients of the hierarchy, it is useful to write the operator D 1 in terms of a. We find:
where c = Ω iΛ /Ω im . For an EdS background, c = 0, the homogeneous solution is
Green's function of Eq. (101) is
Now, it is a matter of a simple integration and Eq. (100) gives the second-order trace solution:
To find the spatial coefficients of the solution, we use the initial values for the coframe and its time-derivative. They have been chosen to vanish for all orders higher than one in the hierarchy of solutions of Eqs. (89). Therefore, we find the following system:
which fixes all constants to be ∝ C (2) . Thus, the secondorder trace solution reads:
After executing the MR this coincides with the secondorder Newtonian solution of [15] . The antisymmetric equation (94) still delivers P a(2) i = 0. This is due to the restriction to 'slaved initial conditions', otherwise we would have a nonvanishing part here. Thus, we only need the tracefree symmetric part to complete the solution. The gravitoelectric part can be written as
where the trace of S (2) ij is given by
The rest of its components can be determined from the generalization S (2) |ij → S (2) ij , where S (2) is the so-
, and where ∆ 0 denotes the Laplacian in local (Lagrangian) coordinates (see [15] ). To avoid passing by the generalization of the Newtonian result, one can of course also insert E Π (2) ij into (134) and solve the remaining relativistic equations of the gravitomagnetic part to find the off-trace components of S (2) ij . The explicit derivation of the inhomogeneous secondorder term in this subsection illustrates that, using (100) and (130), the calculation of the temporal evolution of the general relativistic trace part is straightforward and only involves the calculation of integrals. This can also be easily extended to perturbations of a ΛCDM universe model by noting that (129) becomes:
with the Gauss Hypergeometric function (2) F 1 . Greens' function reads in this case: (1 + ca 3 ) s 3 (1 + cs 3 ) a 3 ,
where D + (a, c) is the first term in (135).
V. SUMMARY AND CONCLUDING REMARKS
We have investigated gravitoelectric perturbation and solution schemes at any order in relativistic Lagrangian perturbation theory. These schemes cover the full hierarchy of the Newtonian Lagrangian perturbation theory if restricted to integrable Cartan coframe fields. Despite the fact that the solution scheme presented in this work gives on its own not all parts of the relativistic perturbation solutions, it delivers an important part relevant to the formation of large-scale structure. As is well-known (see e.g. discussions in [30] and [3] ), the fastest growing scalar modes of the GR solutions correspond to the Newtonian modes, shown up to second order and, by inspection of the schemes we investigated, we showed this to hold for the gravitoelectric part also beyond second order. As we recover all the Newtonian terms with their correct temporal evolution and their constrained spatial coefficients, we also know that our solution contains all terms that become important in the Late Universe. The presented scheme is explicit enough to derive solutions at any desired order by algebraic codes along the lines of the reconstruction rules that we exemplified up to the second order. We demonstrated the close formal correspondence of the gravitoelectric Lagrange-Einstein system to the Newtonian theory furnishing construction rules that also allow to find other, nonperturbative relativistic solutions from Newtonian ones.
The role of gravitational waves, corresponding to the missing part in our scheme, has to be further explored. The missing part, which we denoted by H Π ij in the coefficients of the tracefree symmetric parts of the perturbations, corresponds at first order to 'free gravitational waves', i.e. that part of gravitational radiation that does not scatter at the sources. This changes at higher orders, since this part will couple to the sources starting at second order. We shall investigate in detail the general first-order scheme including gravitational waves in the next article of this series, where we also identify the transformations and restrictions that have to be imposed to obtain the known solutions of the standard perturbation theory, where perturbations are embedded into the background spacetime.
for the adapted coframes used in this article): 
where g ni = G ab η a n η b i . Employing the irrotationality condition (28) and taking its covariant derivative,
we obtain an expression for H ij that manifestly vanishes with the passage to the Newtonian theory through the MR (the covariant derivatives of the (now integrable) coframes vanish): 
which is the result claimed in [L1] : Equation (84), and which is expected in a concise execution of the Newtonian limit [21] .
3. Remark on the Newton-GR "dictionary"
The reader may have noticed that the Newtonian tensors which correspond to the GR tensors in the MR display mixed indices, e.g. in Subsection II D 3 for the MR of the gravitoelectric part E i j . We here explain why this is the case.
Consider, e.g., the Newtonian field strength gradient, g a ,b , where a comma denotes derivative with respect to Eulerian coordinates. We have on purpose denoted the vector index by a counter index here, counting the number of vector components, and we have also used the counter index for the Eulerian derivative, since both become noncoordinate indices by executing the inverse MR, i.e. by passing from the Newtonian deformation gradient with respect to Lagrangian coordinates, f a |k , to the nonintegrable coframe coefficients, η a k . This expresses the fact that the vector embedding space disappears through this operation; in the integrable case the components f a can be considered as coordinate functions with the coordinates x a→i . Now, the transformation of the field strength gradient to Lagrangian coordinates involves the inverse of the transformation f a , which we denote by 
